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I Abstract 

■ Let (C/f , Vf) be a bivariate Levy process, where Vt is a subordinator and Ut is a Levy process 

, formed by randomly weighting each jump of Vt by an independent random variable Xt having 

cdf F. We investigate the asymptotic distribution of the self-normalized Levy process Ut/Vt 
at and at oo. We show that all subsequential limits of this ratio at (cxd) are continuous for 
any nondegenerate F with finite expectation if and only if Vt belongs to the centered Feller 
class at (oo). We also characterize when Ut/Vt has a non-degenerate limit distribution at 
and oo. 
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1 Introduction and statements of two main results 

We begin by defining the bivariate Levy process {Ut,Vt) , t > 0, that will be the object of our 
study. Let F be a cumulative distribution function [cdf] satisfying 



\x\ F (dx) < oo (1) 

and A be a Levy measure on M with support in (0, oo) such that 

[ yA{dy) < oo. (2) 
Jo 

We define the Levy function A (x) = A (x, oo) for x > 0. Using Corollary 15.8 on page 291 
of Kallenberg [10] and assumptions ([T]) and ([2]), we can define via F and A the bivariate Levy 
process (JJt, Vt) , t >0, having the joint characteristic function 

EexpiieiUt+ie2Vt)=:(l){t,ei,e2)=exp\tj^ J'^ (e'(^i«+^2^) -l)n(du,d?;)j , (3) 
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with 



n (dn, dv) = F (du/v) A (dv) . 



(4) 



From the form of (p {1,61,62) it is clear that Vt is a driftless subordinator. 

Throughout this paper {Ut, Vt), t >(), denotes a Levy process satisfying ([U) and ([2]) and having 
joint characteristic function ([3]). 

Now let {Xs}gyQ be a class of i.i.d. F random variables independent of the Vt process. We shall 
soon see that for each t > the bivariate process 



where AV^ = Vs — Vg-. Notice that in the representation ^ each jump of Vt is weighted by an 
independent Xt so that Ut can be viewed as a randomly weighted Levy process. 

Here is a graphic way to picture this bivariate process. Consider AV^ as the intensity of a 
random shock to a system at time s > and XgAVs as the cost of repairing the damage that 
it causes. Then Vt, Ut and Ut/Vt represent, respectively, up to time t, the total intensity of the 
shocks, the total cost of repair and the average cost of repair with respect to shock intensity. 
For instance, AV^ can represent a measure of the intensity of a tornado that comes down in a 
Midwestern American state at time s during tornado season and Xg the cost of the repair of the 
damage per intensity that it causes. Note that Xs is a random variable that depends on where 
the tornado hits the ground, say a large city, a medium size town, a village, an open field, etc. 
It is assumed that a tornado is equally likely to strike anywhere in the state. 

We shall be studying the asymptotic distributional behavior of the randomly weighted self- 
normalized Levy process Ut/Vt near and infinity. Note that A(0-|-) = 00 implies that Vt > 
a.s. for any t > 0. Whereas if A(0-|-) < 00, then, with probability 1, Vj = for all t close enough 
to zero. For such t > 0, Ut/Vt = 0/0 := 0. Therefore to avoid this triviality, when we consider 
the asymptotic behavior of Ut/Vt near we shall always assume that A(0-|-) = 00. 
Our study is motivated by the following results for weighted sums. Let {Y, Yi : i > 1} denote 
a sequence of i.i.d. random variables, where Y is non-negative and nondegenerate with cdf G. 
Now let {X,Xi : i > 1} be a sequence of i.i.d. random variables, independent of {1^,1^ : i > !}• 
Assume that X has cdf F and is in the class X of nondegenerate random variables X satisfying 
E\X\ < 00. Consider the self- normalized sums 



We define 0/0 := 0. Theorem 4 of Breiman [5j says that T(n) converges in distribution along 
the full sequence {n} for every X £ X with at least one limit law being nondegenerate if and 
only if y G D{P)^ with < /3 < 1, which means that for some function L slowly varying at 
infinity, P {Y > y} = y~^L{y),y > 0. Li the case < /3 < 1 this is equivalent to y > being 
in the domain of attraction of a positive stable law of index /3. Breiman ^ has shown in his 
Theorem 3 that in this case the limit has a distribution related to the arcsine law. At the end of 
his paper Breiman conjectured that T(n) converges in distribution to a nondegenerate law for 
some X G X if and only if y G D{/3), with < /3 < 1. Mason and Zinn [17] partially verified 
his conjecture. They established the following: 





T(n) 



t:IiX^y, 
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Whenever X is nondegenerate and satisfies < oo for some p > 2, then T{n) converges in 

distribution to a nondegenerate random variable if and only if y E D[f3), < /3 < 1. 

Recently, Kevei and Mason [11] investigated the subsequential limits of T{n). To state their 
main result we need some definitions. A random variable Y (not necessarily non-negative) is 
said to be in the Feller class if there exist sequences of centering and norming constants {an}n>i 
and {bn}n>i such that if Yi,Y2, . . . are i.i.d. Y then for every subsequence of {n} there exists a 
further subsequence {n'} such that 



^ i ^ - a„/ I ^ T^, as n' 



oo, 



where is a nondegenerate random variable. We shall denote this by y G Furthermore, Y 
is in the centered Feller class, if Y is in the Feller class and one can choose a„ = 0, for all n > 1. 
We shall denote this as Y £ J^^.- The main theorem in [11] connects Y £ J^c with the continuity 
of all of the subsequential limit laws of T{n). It says that all of the subsequential distributional 
limits of T(n) are continuous for any X in the class X, if and only if y G J^c- 
The notions of Feller class and centered Feller class carry over to Levy processes. In particular, a 
Levy process Yt is said to be in the Feller class at infinity if there exists a norming function B (t) 
and a centering function A {t) such that for each sequence ^ oo there exists a subsequence 



y^, - A{t'„)) /B{t',) A T^, as A: ^ oo, 



t'l^ — )• oo such that 



where is a nondegenerate random variable. The Levy process Yt belongs to the centered 
Feller class at infinity if it is in the Feller class at infinity and the centering function A (t) can 
be chosen to be identically zero. For the definitions of Feller class at zero and centered Feller 
class at zero replace tk ^ oo and f'^ — )■ oo, by tfc \ and t'^ \ 0, respectively. See Mailer and 
Mason |13] and 1141 for more details. 



In this paper, we consider the continuous time analog of the results described above, i.e. we 
investigate the asymptotic properties of the self-normalized Levy process 

Tt = Ut/Vt, (6) 

as i \ or t — )• oo. The expression continuous time analog is justified by Remark 2 in |llj . 
where it is pointed out that under appropriate regularity conditions, norming sequence {bn}n>i 
and subsequences {n'}. 



K' ' K' 



^ {ait + Ut, a2t + Vt), as n' — > oo. (7) 



In light of ([7]) the results that we obtain in the case t — t- oo are perhaps not too surprising 
given those just described for weighted sums. However, we find our results in the case t \ 
unexpected. 

Our main goal is to establish the following two theorems about the asymptotic distributional 
behavior of Ut/Vt- In the process we shall uncover a lot of information about its subsequential 
limit laws. First, assuming that ii'lXlP < oo, for some p > 2, we obtain a partial solution to the 
continuous time version of the Breiman conjecture, i.e. the continuous time version of the result 
of Mason and Zinn 1171 . 
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Theorem 1. Assume that X is nondegenerate and for some p > 2, E\X\''' < oo. Also assume 
that A satisfies ^ and, in the case t \ 0, that A(0+) = oo. The following are necessary and 
sufficient conditions for Ut/Vt to converge in distribution as t \^ (as t ^ oo) to a random 
variable T , in which case it must happen that (EXf < ET^ < EX^. 

(i) Ut/Vt T and {EX)^ < ET"^ < EX^ if and only if A is regularly varying at zero (infinity) 
with index —j3 G (—1,0), in which case the random variable T has cumulative distribution 
function 



P {T < x} = — I arctan 

2 vrp 



j \u — x\^sgn{x — u)F{du) 7r/3 
J\u-x\PF{du) ^"^^ T 



x E (— oo, oo) ; (8) 



(ii) Ut/Vt —> T and ET'^ = EX'^ if and only if A is slowly varying at zero (infinity), in which 



case T = X; 

(Hi) Ut/Vt —> T and ET"^ = {EX)^ if and only if A is regularly varying at zero (infinity) with 
index —1, in which case T = EX. 

Remark 1. The assumption that E'lXlP < oo for some p > 2 is only used in the proof of 
necessity in Theorem [TJ For the sufficiency parts of the theorem we only need to assume that 
X is nondegenerate and -E |X| < oo. In line with the Breiman [5] conjecture we suspect that 

Ut/Vt T, as t \ (as t — 7- oo), where T is nondegenerate only if A satisfies the conclusion of 
parts (i) or (ii), and in the case that T is degenerate only if A satisfies the conclusion of (iii). 

Remark 2. A special case of Theorem [1] shows that if Wt, t > 0, is standard Brownian 
motion, Vt = inf {s > : Ws > t} and each Xt in ([5]) is a zero/one random variable X with 
P {X = 1} = 1/2, then Ut/Vt converges in distribution to the arcsine law as t \ or t — t- oo. 
This is a consequence of the fact that Vt is a stable process of index 1/2, since in this case we 
can set /3 = 1/2 and let F be the cdf of X in ([8]), which yields after a little calculation that T 

has the arcsine density gr (t) = tt'^ (t(l - t))"^/^ for < t < 1. Moreover, Ut/V = Ui/Vi, for 
all t > 0, which can be seen by using the self-similar property of the 1/2-stable process. 

Remark 3. Theorem [1] has an interesting connection to some results of Barlow, Pitman and 
Yor [3j and Watanabe |23J. Suppose Vt is a strictly stable process of index < /3 < 1 and each 
Xt in ([5]) is a zero/one random variable X with P {X = 1} = p, with < p < 1. Then Theorem 
[1] implies that Ut/Vt converges in distribution as t \ or t — )• oo to a random variable Yg^p with 
density defined for < x < 1, by 

sin (7r/3) p {1 — p) x^~^ {1 — x)^'^ 

9Y^,P W - - p2 (1 _ 3,)2/3 ^ _ ^^2 + 2p (1 - p) X^ (1 - xf COS (vr/S) ' 

Furthermore, since Vt is self-similar, one sees that Ut/Vt = Ui/Vi, for ah t > 0. Barlow, Pitman 
and Yor [3J and Watanabe [23\ show that gvj^ p is the density of the random variable 

p'/f'Vi/{p'/^Vi + ii-p)'/^v;] 

where Vi = V( with Vi and V{ independent. Moreover, Theorem 2 of Watanabe |23) says that 
if At is the occupation time of Z^, a p— skewed Bessel process of dimension 2 — 2/3, defined as 

At= [ l{Zs>0}ds, 
Jo 
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then for all t > 0, At/t has a distribution with density gy^ p- We point out that two additional 
representations can be given for YJ3 p using Propositions [1] and [2] in the next section. For more 
about the distribution oiYp p as well as that of closely related random variables refer to James 

Remark 4. Let Vi be a subordinator and for each x > let T (x) denote inf {t > : Vi > x} . 
Theorem[T]is analogous to Theorem 6, Chapter 3, of Bertoin [1], which says that x~^Vx[x)- con- 
verges in distribution as x \ 0, (as x — )• 00) if and only if Vt satisfies the necessary assumptions 
of Theorem [1] for some — /3 G [— 1, 0] . The /3 = case corresponds to A being slowly varying at 
zero (infinity). When — /3 S (—1,0), the limiting distribution is the generalized arcsine law. 

Our most significant result about subsequential laws of Ut/Vt is the following. Note that contrary 
to Theorem [1] we only assume finite expectation of X. 

Theorem 2. Assume {Ut^Vt), t > 0, satisfies (OP and (0) and has joint characteristic function 
1^. All subsequential distributional limits of Ut/Vt, as t \^ 0, (as t — )■ co) are continuous for 
any cdf F in the class X , if and only ifVt is in the centered Feller class at (00). 

Remark 5. The proof of Theorem [2] shows that if F is in the class X and Vt is in the centered 
Feller class at (00), all of the subsequential limit laws of Ut/Vt, as t \ 0, (as t — )• 00) are not 
only continuous, but also have Lebesgue densities on M. 

The rest of the paper is organized as follows. Section 2 contains two representations of the 
2-dimensional Levy process {Ut,Vt). The first one plays a crucial role in the proof of Theorem 
[H while the second one points out the connection between the continuous and discrete time 
versions of Vt- We provide a fairly exhaustive list of properties of the subsequential limit laws of 
{Ut, Vt) in Section 3, and we prove our main results in Section 4. The Appendix contains some 
technical results needed in the proofs. 



2 Preliminaries 

2.1 Representations for (Ut,Vt) 

Let (C/f, Vt) , t > 0, be a Levy process satisfying ([1]) and ([2]) with joint characteristic function 
([3]). We establish two representations for the bivariate Levy process. 

Let wi,W2, ... be a sequence of i.i.d. exponential random variables with mean 1, and for each 
integer i > 1 set = X]j=i ^j- Independent of oti , ^2 , . . . let Xi, X2, . . . be a sequence of i.i.d. 
random variables with cdf F, which by ([I]) satisfies E \ Xi\ < 00. Consider the Poisson process 
N{t) on [0,00) with rate 1, 

00 

N{t) = Y,i{s,<t},t>0. (9) 

i=i 

Define for s > 0, 

99(5) = sup {?/ :A(y) > s} , (10) 

where the supremum of the empty set is taken as 0. It is easy to check that ([2]) and Lemma [T] 
below imply that for all 5 > 0, 

poo 

ip (s) ds < 00. (11) 



We have the following distributional representation of {Ut,Vt): 
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Proposition 1. For each fixed t > 0, 




) 



(12) 



It is important to note tliat this representation only holds for fixed t > and not for the process 
in t. As a first consequence of this representation we obtain that E\Ut\/Vt < E\X\ < oo, in 
particular, by Markov's inequality, Ut/Vt is stochastically bounded. 

Now let {Xs}gyQ be a class of i.i.d. F random variables. Consider for each t > the process 



where AVg = Vg — Vg-- The following representation reveals the analogy between the continuous 
and discrete time self-normalization. 

Proposition 2. For each fixed t > 0, 



Remark 6. Notice that the process on the right hand side of (|13p is a stationary independent 
increment process. Since it has the same characteristic function as {Ut,Vt), the distributional 
representation in holds as a process in t > 0. 

2.2 Proofs of Propositions [1] and [2] 

In the proofs of Propositions[I]and[2]we shall assume that A ((0, oo)) = oo. The case A ((0, oo)) < 
oo follows by the same methods. 

First we state a useful lemma giving a well-known change of variables formula (see Revuz and 
Yor [20], Prop. 4.9, p. 8, or Bremaud [6j, p. 301), where the integrals are understood to be 
Riemann-Stieltjes integrals. 

Lemma 1. Let h be a measurable function defined on {a,b], < a < b < oo, and R a measure 
on (0,oo) such that 





(13) 



R{x) := i?{(x,oo)}, X > 0, 
is right continuous and R (oo) = 0. Assume \ h (x) \ R (dx) < oo, and define for s > 

ip{s) = sup{y : R{y)> s} , 



where the supremum of the empty set is defined to be 0. Then we have 




(14) 
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Proof of Proposition [Tl We only consider the process on [0, 1]. 

Applying the Levy-Ito integral representation of a Levy process to our case we have that a.s. for 
each t > 

{UuVt) = [ {u,v)N{[0,t],du,dv), (15) 

iM2\{0} 

where is a Poisson point process on (0, 1) x M x [0, oo), with intensity measure Leb x 11, where 
n is the Levy measure as in 

For the Poisson point process we have the representation 

oo 
i=l 

where are i.i.d. Uniform(0, 1) random variables, independent from {Xi} and {c^j}. (At this 
step we consider the Levy process on [0, 1].) To see this, let 

oo 
i=l 

which is a marked Poisson point process on [0,1] x M x (0,oo), with intensity measure v = 
Leb X F X Leb. Put h{u,x, s) = {u,xip{s),ip{s)). Then i/o = Leb x 11. Thus Proposition 2.1 
in Rosihski [21j implies that the sequences {Ui}, {Xi}, {Si} can be defined on the same space as 
N such that ([16]) holds. 

Using ([16]) for A^, from ([15]) we obtain that a.s. for each t G [0, 1] 

oo 

{Ut, Vt) = J2 iX^^iSi), ^iS^)) l{U.<t}. (17) 
i=l 

To finish the proof note that if X^i^i is a Poisson point process and independently {/3i} is an 
i.i.d. Bernoulli(t) sequence, then 

oo oo 
i=l i=l 

i.e. for a Poisson point process independent Bernoulli thinning and scaling are distributionally 
the same. 

Since the process representation ([TT]) can be extended to any finite interval [0, T] (see the final 
remark in [H]), this completes the proof. □ 

We point out that Proposition [1] can also be proved by the same way as Proposition 5.1 in Mailer 
and Mason [12j. 

Next we turn to the proof of the second representation. 

Proof of Proposition jjj. Let {A^n}„>i be a sequence of independent Poisson processes on 
[0, oo) with rate 1. Independent of {A^ri}„>i let {Ci,n}j>i n>i array of independent random 

variables such that for each i > l,n > 1, has distribution defined for each Borel subset 
of yl of M by 

Pi^n (A) = P {^i,n G ^} = A (^ n [an, On-l)) /^n, 



7 



where strictly decreasing sequence of positive numbers converging to zero such that 

ao = oo and for all n > 1, < /u„ = A ([a„, a^-i)) < oo. 

The process Vt, t >0, has the representation as the Poisson point process 



n=l i<N„{tfi„) n=l 



oo 

(n) 

t 



See Bertoin [1], page 16. In this representation 

^<AV'a<a„_i} 



0<s<t 

and 



i<Nn(sfJ.,i) i<Nn{sfln-) 

Moreover if AVs > there exists a unique pair (i,n) such that Al^ = Clearly 

^0<s<t 0<s<t ^ 

^i<N„{tfJ.„) i<N„{tfln) ^ 



(18) 



where {^i,n}i>i,n>i is an array of i.i.d. random variables with common distribution function 
F . Notice that the process (uj;"'\ v/""^^ in ([18]) is a compound Poisson process. Keeping this in 



mind, we see after a little calculation that 



£;exp(i(0iC/i^"^ + 02^/"^)) =exp^t^ J"^ (^e'^^'''+^^''^ - ij F {du/v) A{dv) 



Since the random variables | ^C^f V'/"'''^ | are independent we readily conclude that ^ 
holds. " □ 



3 Additional asymptotic distribution results along subsequences 

Let id(a, b, v) denote an infinitely divisible distribution on M'^ with characteristic exponent 

iub — -u'au + j [e^^ ^ — 1 — iii'xl||^.|<i}.^ z^(dx), 

where b G M'^, a E W^^'^ is a positive semidefinite matrix, v is a Levy measure on R'^ and u' 
stands for the transpose of u. In our case c? is 1 or 2. For any h > put 

J\x\<h Jh<\x\<l 
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When d = 1, id(6, A), with Levy measure A on (0,oo), such that ([2]) holds, and 6 > 0, denotes 
a non-negative infinitely divisible distribution with Laplace transform 



exp (^-9b - (l- e~^") A (dn)^ 



In this section it will be convenient to use the following representation for the joint characteristic 
function of the Levy process {Ut, Vt), t > 0, satisfying ([1]) and ([2]) and having joint characteristic 
function 

(j) (t, 01,02) = exp {it{0ibi + 02b2)) X 

expft/ (ei(^i-+^2-) -l-(i0in + iM V+-2<i})n(dn,dt;) ) , ^^^^ 

\ ^(0,oo) J-oo ^ ' ) 

where H (dti, dv) is as in and 

V ^2 y \^ Jo<„2^^2<,t;n(dn,dt;) j 
Note that assumptions ([1]) and ^ insure that (pO]) is well defined. 

First we investigate the possible subsequential distributional limits of (C/t,Vt). The following 
theorem is an analog of Theorem 1 in [11] . 

Theorem 3. Consider the bivariate Levy process {Ut, Vt) , t > 0, satisfying and (0j with joint 
characteristic function \19\) . Assume that for some deterministic sequences tfc \ (tk — >• oo) 
and B]. the distributional convergence 

^ A y (21) 

holds, where V has id(6, Aq) distribution with Levy measure Aq on (0,oo). Then 

Ut, Vt,\ D. 



(22) 



where {IJ,V) has id(0, c, Hq) distribution with Levy measure Hq {du,dv) = F (du/v) Aq {dv) on 
M X (0, oo) and 

ci ^ / bEX + J^^^2+^2<iuUo{du,dv) \ 
C2 ) \ b + Io<u^+v^<i (du, dv) J ' 

i.e. it has characteristic function 



(23) 



+ J (e*(^i"+^^'^) - 1 - ii0iu + 1^2^;) l{„2+,2<i|) F (d^./^;) Ao (d^;) | . 



(24) 



Theorem [3] has some immediate consequences concerning the subsequential limits of {Ut,Vt). 
The first part of the following corollary is deduced from Theorem [3] and classical theory, i.e. 
Theorem 15.14 in [lOj. The second part follows by Fourier inversion. 
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Corollary 1. Let {Ut,Vt), t > 0, be as in Theorem {^i For deterministic constants tk,Bk 
the vector B'^^{Ut^,Vtf.) converges in distribution to {U,V) as tk \ (as t^ — )• oo) having 
characteristic function \24-^ if, and only if tkA{vBk) — t- Aq{v) for every continuity point of 
Aq, and xtkA(dB^.x) — )■ Jq xAQ{dx) + b for some continuity point h of Aq. Moreover, if 

A(0+) = c«, or b > then V > a.s., and so Ut^/Vt,, U /V, and with ^ as in \24^ for all x 

p{u/v < = 2 - ^ y_ — u — 

The remaining results in this section, though interesting in their own right, are crucial for the 
proof of Theorem [2j 

The following proposition provides a sufficient condition for ([/, V) to have a C°° 2-dimensional 
density. It also gives an alternative proof for Theorem 3 in [IT]. We require the following 
notation: Put for u > 0, 

V2{v) = [ u^A{du). (25) 

Jo<u<v 

Proposition 3. Assume that (U, V) has joint characteristic function 



V 



'(0,oo) . 

where Jq vA{dv) < oo and F is in the class X . Whenever 

limsup < oo (26) 

holds, then [U, V) has a C°° density. 

As a consequence we obtain the following 

Corollary 2. Let {Ut,Vt), t>0, be as in Theorem\^ Assume that Vt is in the centered Feller 
class at zero (infinity) and F is in the class X . Then for a suitable norming function B{t) any 
subsequential distributional limit of 



BitkV B{t, 

along a subsequence tfe \ (t^ — )• oo), say (Wi, W2), has a C°° Lebesgue density f on M^, which 
implies that the asymptotic distribution of the corresponding ratio along the subsequence {t^} 
has a Lebesgue density gx on M. 

The following corollary is an immediate consequence of Theorem [3l Note that a Levy process 
that is in the Feller class at zero (infinity) but not in the centered Feller class at zero (infinity) 
has the required property. 

Corollary 3. Let {Ut,Vt), t > 0, be as in Theorem\^ Suppose along a subsequence t^ \ 
(tk 00) 

Vt.-Ajtk) D 
B{tk) 
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where W is nondegenerate and A{tk) / B{tk) — )• oo, as k ^ oo. Then 

EX, as k ^ oo. 



For t > and e £ (0, 1) put 



and 



At(e) 



A, 



>l-e 



(27) 



Proposition 4. Assume that for a subsequence \ or —)• oo 

limliminf P{Atj^(e)} = 6 > 0, 

e—^O k^oo 



(28) 



then 

Together with the stochastic boundedness of Ut/Vt this imphes the foUowing. 



hmhminf P{At^ < e} > 5. 



Corollary 4. Let (Ut,Vt), t > 0, be as in Theorem\^ Assume that ^23^ holds for Vt, and 
P{X = xq} > for some xq. Then there exists a subsequence tfe \ (t^ — )• oo) such that 



Put 



T, with P{T = Xq} > 0. 



Rt 



2 • 



(29) 



Proposition 5. Assume that R^^ ^ Op{l) as t \ or t ^ oo, then there exists a subsequence 



tfc \ or tk ^ oo such that Ut^/Vty. 



D 



r, with P{T = EX] > 0. 



The proofs of Propositions H] and [5] are adaptations of those of Theorems 4 and 5 in [llj . 
Therefore we only sketch the proof of the first one, and omit the proof of the second one. 



4 Proofs of results 

Recall that throughout this paper (f/t, Vj), t > 0, denotes a Levy process satisfying dH) and ([2]) 
and having joint characteristic function ([H]). We start with the proof of Theorem [3] since this 
result is crucial for both the proofs of Theorem [1] and [2l 
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4.1 Proof of Theorem [3] 



Recall the notation at the beginning of Section 3. Since 14 is a driftless subordinator, by Theorem 
15.14 (ii) in JOj, (|2ip is equivalent to the convergences 



tkA{vBk) — )• Ao(w), as k ^ oo, 
for any w > continuity point of Aq, and 

rv rv 

j xtkA{dBkx) ^ / xAo{dx) + b, as A; — )• oo, 
Jo Jo 

where u > is a fixed continuity point of Aq. 
Notice that using ()19p we have that 



(30) 



(31) 



Ee 



X exp 



exp { i^{0ibi + 6*262^ 

-Dfc 



tfcn(du, dv) 



exp <; i^(6'i6i + 6*262) 



X exp 



{0<a;2+j/2<B-"} 



nfc(d2;,dy) 



where 11 is the Levy measure on (0,oo) x M defined by ([4]) and for each A; > 1, 11^ is the Levy 
measure on (0, 00) x M defined by 

Ilk{dx,dy) = tkU{Bkdx,Bkdy). 

Further, for each A: > and h > with no({x : |x| = h}) = 0, in accordance with the notation 
at the beginning of Section 3, let 



4 



(x2+y2<h'^ ^ 


' x2 


xy \ 






) 



Ok 



/ ix,y)Ilkidx,dy) - {x,y)Ilk{dx,dy) 



'l<x2+y2<5-2 

{x,y)Ilk{dx,dy), 



where we used (pO]) . We set a'* := Oq and b'^ := Iq. 

To show (j22p . by Theorem 15.14 (i) in {10 j we have to prove that as A: — )• 00, 

Hfc 4 Ho, on ]R2 _ {0} 
and for some (any) h > with no({x : |x| = h}) = 0, as A; — )• 00, 



(32) 

(33) 
(34) 
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To establish (i32l) it suffices to show that for each (u, v) with u > 0, v > 0, and {u, v), with n > 0, 
f = 0, that when {u,v) is a continuity point of Ho, 

tfJl^BkU^B^v) — no(ii, w), as A; — oo, 

and when {—u,v) is a continuity point of Ho, 

tfcn(— SfcU, Sfcv) — )• no(— li, w), as A; — )• oo; 



where for n > 0, f > 0, 



/■oo 

tfcn(SfcU, Bfcv) = / F{u/y)tkk{dBky), 

J V 

/•oo 

Tio{u,v) = / F{u/y)Ao{dy), 



tkU{-BkU,Bkv)= / F{-u/y)tkA{dBky) 

Jv 



IiQ{-u,v)= / F(-n/y)Ao(dy). 



and 



This follows with obvious changes of notation exactly as in the proof of Proposition 1 in [llj . 
The proofs that ([33]) and hold follow exactly as in Propositions 2 and 3 in ^T]. It turns 
out that a!^ converges to the zero matrix as /i \ and by ([3T|) 



b + f^<t>{v)vko{Av) 
where ip and (/> are the following functions of w G (0, h]: 



<P{v)= [ F(—)^,nd^l^{v)=^ uf(—) 

(Refer to [11] for details.) Thus 



lim 



bEX 

and the theorem follows with the stated constants. □ 



4.2 Proof of Theorem [T] 

The following three lemmas establish the "in which case" parts of (i), (ii) and (iii) of Theorem 

m 

Lemma 2. If A is regularly varying at zero (infinity) with index —(3 with (3 G (0,1), then for 
an appropriate norming function Bt the random variable B^^{Ut,Vt) converges in distribution 
as t\0 (as t ^ oo) to (U, V), having joint characteristic function 

(j) (61,62) = exp ( / r (e'(''i"+^2'') -1)f (du/v) f3v-^-^dv] (35) 

W(0,oo) J-00 ^ ^ J 
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and thus 



Tt = — — > —, as t\U [as t ^ oo). 
Vt V 



(36) 



Moreover, the cdf of U/V is given by (0). 

Proof. We can find a function Bt on [0, oo) such that 

Bt = L* {t)t^/>^, t > 0, 

with L* defined on [0, oo) slowly varying at zero (infinity) satisfying for all y > 0, 

Jit (y) := tA{yBt) Aq (y) = y"^, as t \ (as t ^ oo). 

It is routine to show using well-known properties of regularly varying functions that for any 
?/ > 0, as t \ (as t — >• oo) 



yfJ-t (dy) 



/3/i 



1-/9 



0<y<h 



1-/3 



yAo (dy) =: a'^. 



0<y<h 



Thus by applying Theorem 15.14 (ii) in [10] we find that B^^Vt converges in distribution as f \j 
(as t — )• oo) to V, having characteristic function 0(0,^2) • This says that F is a subordinator 
with an id(0, Aq) distribution. Theorem [3] completes the proof of ([35|) . 

Next, using Fubini's theorem and the explicit formula for the /3-stable characteristic function 
(Meerschaert and Scheffler [18| p. 266), we have for an appropriate constant c > 



Jieiu+e2)y 



iie^u+e^v) _ i^p(^^u/v) Pv-^'/^dv 
Ao(dy) 

j \9iu + 92f (^l-isgn{9iu + 92)tan^^ F{du). 



(0,oo) J — oo 
oo 

F{du) 

-oo JO 



We see now that the characteristic function of ^7 — Vx is 



^git(C/-Vx) ^g^p I _|^|/3^ / \u-x\>^F{du) 



1 — i sgn (t) tan 



7r/3 f \u — x|'^sgn(n — x)F{du) 
1 J\u-x\f^F{du) 



Proposition 4 in [5] now shows that T has cdf ([8]) 



Lemma 3. If A is slowly varying at zero (at infinity), then 

Tt = X, as t\0 {as t — )• oo). 



(37) 
□ 

(38) 



where in the t \j case we also assume A(0-|-) = oo. 
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Proof. The proof follows the lines of that of Lemma 5.3 in |12j . 

We shall only prove the t — )• oo case. The t \ case is nearly identical. Now A slowly varying 
at infinity implies that (/? is non-increasing and rapidly varying at with index — oo. (See the 
argument in Item 5 on p. 22 of de Haan |8].) This means that for all < A < 1 

93 {xX) /ip (x) — )■ 00, as X \ 0. 

By Theorem 1.2.1 on p. 15 of [8], rapidly varying at with index —00 implies that 



xip (x) 

By Lemma [8] in the Appendix, we have 



0, as X \ 0. 



E 



5i 



E\X\ E 



E\X\Si 



and by ([39 



Is!/t^'^ V (y) dy 



E\X\ Si 



0, as t — )• 00. 



From this we can readily conclude that 



Si 



and 



1=1 



Si 



V [ — ] + op (1)) , as t 00, 



= Xi(^(^)(l + op(l)), ast^oo 



From the representation (|T2|) . (|I0|) and (HI]) we see that 

-'^i + Op (1) ) as t — )• 00. 



[/, B XiV9(^) (l + Op(l)) 



^(f) (l + Op(l)) 



Obviously converges in distribution as t — t- 00 to X. 
Lemma 4. If A is regularly varying at zero (at infinity) with index —1, 

Ut D 



Vt 



EX, as t\jO {as t ^ 00). 



(39) 



(40) 



(41) 



n 



(42) 



Proof. Since A is regularly varying at zero (at infinity) with index —1, we can find norming 
and centering functions b (t) and a (t) such that b{t)/a{t) — )• as t \ (as t — )• 00) and 

h {t)~^ {Vt - a {t)) -^W, as t \ (as t ^ 00). 
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(Here we apply part (i) of Theorem 15.14 in \10\-) From this we see that 

Vt/a{t) — > 1, as t \ (as t — )• oo). 
A straightforward apphcation of Theorem [3] now shows that 

Ut Vt\ P 



a(t)' a{t) 



{EX, 1) , as t \ (as t ^ oo) 



□ 

Next we turn to the necessary and sufficient parts of (i), (ii) and (iii). Assume that for some 
random variable T 

Tt^T, as t\0 [as t^oo), (43) 

where in the case i \ we assume that A(0+) = oo. Our basic tool will be Proposition [H which 
says that 

Since we assume that 

^|X|*'<oo (45) 
for some p > 2, we get by Jensen's inequality that 

E\Tt\P <E\Xf < oo. 

(This is the only place in the proof that we use assumption (flSl) .) Notice that (jl3]) and (H5]l 
imply that 

E^T^^ ^ ^T^ as t \ (as t ^ oo). (46) 
Obviously ETt = EX and a little calculation gives that 

ET^ = {EXf + Var{X)ERt, 

where Rt is defined as in (|29p . Clearly, Rt G [0,1] and whenever (|46p holds, then for some 
< /3 < 1 

ERt ^ 1 - /3, as t \ (as t oo), (47) 

which is equivalent to 

{EXf < ET^ < EX^. (48) 

It turns out that the value of < /3 < 1 determines the asymptotic distribution of Tj as t \ 
(as t oo) and the behavior of the Levy function A near zero (at infinity). For instance, when 
/3 = 1, Var (Tt) — )• 0, which implies that 

Tt ^ EX, as t\0 {as t ^ oo). (49) 

In general we have the following result, which in combination with Lemmas El [3] and S] will 
complete the proof of Theorem [TJ 
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Proposition 6. // ((^7| j holds for some < /3 < 1, then A is regularly varying at zero (infinity) 
with index — /3. (In the case t \ we assume A(0+) = co.) 

Proof. Recall the definition of N(t) in Q and notice that by (j29p for any t > we can write 

J^^^Hs)N{dts) 



{f^^{s)N{dts)y 
Define for T > its truncated version 

- (50) 

[j^ ^ (s) Nidts)) 

Given that N{Tt) = n 

where Vi, . . . ,Vn are i.i.d. Uniform(0, T). The same computation as in Mailer and Mason |12j 
gives 

ERt{T) = t ul^j\\s)e-^^^^^ds^ e-*/o^(i-'^~""*^')'iMn. 

Clearly Rt{T) < 1. Also Rt{T) ^ Rt as T ^ oo and thus 

ERtiT) ERt, as T ^ oo. (51) 

For each T > and u > 0, set 



pT poo 

^t{u)= / (1 -e-"^(^))ds, $(u) = / (1 - e-"^(^))ds and 
Jo Jo 

{u) = -tu^'^ (u) e-**^(") = tu ip\s)e-^^'''^ds^ ^-t /o^(i-e-"^W)d«_ (52) 

Also for n > 0, set 

(n) = (^,) e-**(-) = (^jJI" /-(i_e-".(»))d._ ^53) 

We have in this notation, 

poo 

ERt{T)= / /r,t(^x)dtx. (54) 



Case i; /3 G [0, 1). In this case we must first show that as T — oo 

/"OO f'OO 

ERtiT) = f^,(u)du^ /(t)(n)dn, (55) 
Jo Jo 



which by ()5ip implies 



/■OO 

/ /(i) (n) dn = ERt. 
Jo 



(56) 
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It turns out to be surprisingly tricky to justify the passing-to-the- limit in ()55p . Lemma [9] and 
Proposition [7| in the Appendix handle this problem, and imply that expression (j56p is valid for 
ERt. After this identity is established, the proof is completed by an easy modification of that 
of Proposition 5.2 in |12) . which is based on Tauberian theorems. Therefore we omit it. 

Case 2: /3 = 1. In this case, it is not necessary to verify ()55p . Note that we have that by (I47p 
with (3 = 1 

ERt 0, as t \ (t oo). 

Therefore since 

poo 

ERt{T)^ERt> / f(t){n)du, 
Jo 

we can conclude that as t \ (t — oo), 

- t / 'u$"(n)e'**(")dn = / /(t) {u) du ^ 0, (57) 
Jo Jo 

which is all we need for the following argument to work for /? = 1. Applying Lemma [U we get 

/•oo 

q>{u) = / (1 - e-"^)A (dx) , 
Jo 

which by integrating by parts and using ([2]) is equal to 



roo 

$(n) = u A(y)e-"^d?/. 
Jo 



Let q{y) denote the inverse function of ^. From the expression for /(^^ (u) in (j53p and (|57p we 
obtain 

roo f'OO 

t-' / f(t) {u) du = - e-'yq{y)^"{q{v))q{dy) ~ o [t'^) , 
Jo Jo 

as t — )■ (t — )• oo). Using Theorem 1.7.1 (Theorem 1.7.1') in Bingham et al [2J we obtain 



\{yW {q{y))q{dy) ~ o (x) , 
as X — >• oo (x — )■ 0). Changing the variables and putting x = <I>(f ) we have 

u(^"{u)du = o ($(f)) , 



as V — >■ oo (f — 7- 0). Integrating by parts we get 

- / u^"{u)du = -v^'{v) + ^{v) = o {^{v)) , 
Jo 

which gives 

v(^'{v) 

as u — )• oo (t; — )• 0). This last limit readily implies that 



l-OO 

v-^^{v) = / A(y)e-^2'dy 
Jo 



is slowly varying at infinity (zero). By Theorem 1.7.1' (Theorem 1.7.1) in [2] we obtain that 
Jq^ A(y)dy is slowly varying at zero (infinity), which by Theorem 1.7.2.b (Theorem 1.7.2) in [2] 
implies that A is regularly varying at zero with index —1 (at infinity). □ 
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4.3 Proof of Theorem M 

Before we proceed with the proofs it will be helpful to first cite some results from Mailer and 
Mason [l3], jT^ and [I5]. 

Let Ythea Levy process with Levy triplet (o"'^, 7, v), i.e. Yi has id(cj^, 7, u) distribution. Theorem 
1 in Mailer and Mason [13] states Yt belongs to the Feller class at infinity, if and only if 

x^z^{(-oo, -x) U (X,CX))} 

hm sup '-^ / ^ ' , < 00, (58) 

cj^ + J|^l<^y^i/(dy) 

and furthermore Yj belongs to the centered Feller class at infinity if and only if 

x^iy{{-oo, -x) U (x, 00)} + X 7 + /i<|y|<^ y^idy) 



limsup- „ 2 \ 

x^oo Cj2 + j|^|<^y2^(d2/) 



< 00. (59) 



For the corresponding equivalences of Feller class at zero and centered Feller class at zero replace 
X -> cx) by X \ 0, respectively; see Theorems 2.1 and 2.3 in [14j . 

It turns out by using the assumption that 14 is a subordinator and by arguing as in the proof 
of Propositions [U or of Proposition 5.1 in [12] we get that 



V, 



From this distributional equality one can conclude that y Rf ^ is stochastically bounded ast\,0 
(t — )• 00) if and only if 

t r* xA(dx) , , 

limsup — ^ — — — < 00. (60) 

t\o (t^oo) Jq x2A(dx) + t^A{t) 

by applying Theorem 3.1 in [15j in the case t — )• 00, and Proposition 5.1 in [14] (with a{t) = 
there, and a small modification) when i \ 0. The partial sum version of this result was proved 
by Griffin [7]. 

Proof of Proposition [3l We ffi'st assume X is nondegenerate and EX = 0, which implies 
that there is an a > 1 such that 

F(a) -F(0) > and F(0) -F (-a) > 0. (61) 

We need the following lemma. 

Lemma 5. Whenever i26\) holds and X is nondegenerate and EX = 0, there exist < k < 1 
and d > such that with a > 1 as in (61\) . if 2a {\9i\ V |02|) ^ 1; then 
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Proof. Notice that 



9\e [ [ ( ei(^i-+^2«;) _ (^^^ A(dr;) = [ [ (cos(^i2; + e2v) - 1) F ( —) A(dt 
J{0,oo) Jm^ '' \V J 7(0,00) Jm. \v J 

< [ [ {cos{eix + e2v) -1)F (—\ A{dv). 

J0<t)<l/(2a{|ei|V|6»2|)) J\x\<va V ^ / 

Observe that whenever \x\ < av with a > 1 and < v < 1/ (2a V |02|))) 

\0ix\ + \e2v\ <i\aei\ + \e2\)v<i. 

For some c > 0, 

cos u — 1 
sup 2 ^ 

0<|m|<1 ^ 



thus 

/0<i><l/(2a(|6»i|V|6»2|)) ^1 x\<va 



[ [ {cos{9ix + 92v)-l)F(—^A{dv) 



<-c[ [ {eix + e2vf F (—) A{dv). 

Now when 6162 > we have 01^2 Jo<x<va (^) — ^^"^ S^t that the last bound is 



< -c 



/ {elx^ + dy)F(—\K{di 

Jo<x<av V ^ / 



'0<i'<i/(2a(|ei|v|e2|)) ■ 
and when ^1^2 < we have 01^2 I-^a<x<o ''"^ (^) — ^' ^^^'^'^ gives 



Notice that 



! I {cos{eix + d2v) - I) F (—\ A{dv) 

J0<i)<l/(2a(|6»i|V|6l2|)) J\x\<va \ ^ J 

:-c [ f {ejx^ + ey) F (—) A{dv) 

Jo<v<l/{2a{\ei\V\e2\)) J-av<x<0 V / 

[ r eyF ( —) A{dv) 

Jo<v<i/(2a(\ei\y\e2\)) Jo<x<av V ^ / 



/O<i><l/(2a(|0i|V|e2|)) 

= c(F(a)-F(0)) [ e^v^A{dv). 

Jo<t)<l/(2a(|6»i|V|02|)) 

We get by arguing as on the top of page 968 in Pruitt [19j or in the remark after the proof of 
Proposition 6.1 in Buchmann, Mailer and Mason [3], that for some ci > and < k < 1, that 
whenever 2a{\di\ V 16*21) > 1 

-c {F (a) - F (0)) el [ v'Aidv) < - , ., ..^ (2a (|^i| V ■ 

yo<t,<i/(2a(|ei|v|e2|)) 4a^ (It'll V 16121) 

Next, 

/0<i)<l/(2a{|ei|V|e2|)) JO<x<av 



J0<v<l/(2a(\ei\V\e2\)) J0<x<av \ ^ / 



A{dv) 
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= -cel / u^F{du) / v'^A{dv), 

Jo<x<a Jo<i;<l/(2a(|ei|V|92|)) 

which by the previous argument is for some C2 > 0, for 2a (|^i| V |02|) > 1 

< "-^ ^ (2a (l^il V \B2\)T ■ 

- (2a(|^i| V|02|))' 



Thus with C3 = ci A C2 , 



/ / i9lx' + ey)F (^) Aidv) 

J0<D<l/(2a(|ei|V|e2|)) Jo<x<av V ^ / 



-c 

/0<D<l/(2a(|ei|V|e2|)) J0<x<av 

< -C3 ( ^ + r.) (2a(|^i| V 1^21))'^ 

V4a2 (l^il V 1^21)' 4a2 (|^i| V 1^21)'/ 

Notice that 

4a2(l^i|V 1^21)' ^4a2(|ei|V 1^21)' " ' 
Hence when 0102 > and 2a {\0i\ V 16*21) > 1 for some C4 > 0, 



c 



/ {0W + oy)F (—\ k{dv) < -C4 m V \e2\r ■ (63) 

Jo<x<av V ^ / 



'0<f<l/(2a(|9i|V|6l2|)) 

The analogous inequaUty holds when 6*1^2 < and 2a {\0i\ V 16*21) > 1, namely for some C5 > 0, 



[ [ {cos{0ix + 02v)-l)F(—)A{dv) 

J0<D<l/(2a(|6»i|V|6l2|)) J\x\<va \ J 

[ [ {elx'' + 0y)F(—]A{dv)<-c,mv\02\r. (64) 



/0<?)<l/(2a{|ei|V|e2|)) J-av<x<0 

Note that since < k < 1 the function p{u) = \u\'^ is concave on (0, 00), and thus 



h\v\02\r> 



\0l\ + \02\ 



\\oir+j02[ 



2 

which, in combination with (I63p and (I64p . gives for some d > 0, whenever 2a {\0i\ V \02\) > 1, 
/ / {cosi0ix + 02v)-l)F(—)Aidv)<-di\0i\^ + \02n. 

J0<-(;<l/(2a(|6»i|V|e2|)) J|a;|<m V / 

□ 

The lemma implies that whenever 2a (|0i| V \02\) > 1, then for some d > and < k < 1, 



E^i{eiU+e2V) 



<exp{-d{\0ir + \02n). 



As in |19] this allows us to apply the inversion formula for densities and shows that it may 
be repeatedly differentiated, from which we readily infer that {U, V) has a C°° density when 
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EX = 0. If EX = ^ 7^ 0, the same argument applied to {U' ,V) = {U — ^V.,V) shows that 
([/', V) has a C°° density, which by a simple transformation implies that ([/, V) does too. □ 

Proof of Corollary [2l Note that each Vt^/B{tk) is an infinitely divisible random variable 
without a normal component with Levy measure concentrated on (0, oo) given by tfcA(-i?(tfc)) 
with characteristic function 

{0) = exp !^Wbk + (e^^^ - 1 - iexl{o<.<i}) tfeA(5(tfc)dx)| , 



where 



Jo 



Since Vt^/B{tk) A W2, by Proposition 7.8 of Sato [22j, is infinitely divisible. Since W2 
is necessarily non-negative, it does not have a normal component and has a Levy measure Aq 
concentrated on (0,oo). Now by Theorem [3] and its proof, necessarily jJa;Ao(dx) < 00 and W2 
has characteristic function 



^-0 {9) = exp |i06 + (e'^^' - l) Ao(dx)| , 



where 6 > 0. By (j30p and (I3ip in the proof of Theorem [3] for any continuity point u > of Aq, 

t}ji{vB{tk)) ^lio{v), as /c 00, (65) 

and 

I xtkA{B{tk)dx) / xAo(dx) + 6, as A; 00. (66) 
Jo Jo 

Prom ()66p we easily get that for any continuity point u > of Aq, 

V PV 

x'^tkA{B{tk)dx) / x^Ao(dx) = Vb,2 (v) , as A: 00. (67) 

(Recall the notation (j25p .) Now, since Vt is in the centered Feller class, (j59p implies that for 
some K > _ 

V v^BHtk)K{vB{tk)) ^ ^ 

limsup , — 7- < K. (68) 

Note _ _ 

v^B^{tk)K{vB{tk)) v%A{vB{tk)) 



V2{vB{tk)) xHkA{B{tk)dxy 
which by (|65]) and (f67l) converges to w^Ao(f)/Vo,2 (^') for each continuity point u > of Aq. This 



with ([68P implies that 

sup 2A ^ - ^' 

v>o Jo x^Ao(dx) 

so Proposition [3] applies. □ 
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Proof of Proposition [4l The proof is a simple adaptation of the proof of Theorem 4 in [llj . 
so we only sketch it here. Putting 



and recalling definition (j27p . the conditional version of Chebyshev's inequality implies that 
P{Bt{k)\At{k-^)} > 1 - 1/y/k. Noticing that on the set Bt{k) n At{k-^) 

E\X\ 



Vk ' 

a tightness argument finishes the proof. □ 
Now we are ready to prove Theorem [2j 

Choose any cdf F in the class X. Corollary [2] says whenever Vt is in the centered Feller class at 
(oo) then every subsequential limit law of Ut/Vt, as t \ 0, (as t — t- oo) has a Lebesgue density 
on R and hence is continuous. 

Suppose Vt is in the Feller class at (oo), but not in the centered Feller class at (oo). In this 
case Corollary [3] implies that one of the subsequential limits is the constant EX and thus not 
continuous. Next Proposition 5.5 in [T3] in the case i \ and Proposition 3.2 in [15] in the 
case t — >• oo show that whenever Vt is not in the Feller class at (oo), that is 

nmsup — = oo, 

t\o (t^oo) /o y2A(dy) 

and ([60]) holds, then there exist a subsequence tfc \ (tfc — )■ oo), such that (p8|) holds, which by 
Corollary m for any X such that P{X = xq} > for some xq, there exists a subsequence \ 

{tk — )• oo) such that Ut^/Vt,. T, with P{T = xq} > 0, that is, T is not continuous. Finally, 
assume that ([5U|) does not hold, then by Proposition [S] there exists a subsequence \ or 

tfc — oo such that Ut^./Vt^ T, ^ 
completes the proof of Theorem [21 



tfc — oo such that Ut^./Vt^ — ^ T, with P{T = EX} > 0, and again T is not continuous. This 



5 Appendix 

To finish the proofs of Proposition [6] and thus Theorem [1] we shall require the following technical 
result. 



Proposition 7. Assume that 



then 



liminf J^^""} > 0, (69) 
s\o /oA(x)dx ^ ' 



poo poo 

ERt = / /(t) (n) du = -t / u^" (n) e-^^^^^du. (70) 
Jo Jo 

Proof. Clearly for each li > 0, /t^j (n) — )• (u), as T — )• oo. Therefore by Fatou's lemma 

/■oo /*oo 

/ A A (u) dn < lim inf / fr t {u) dn = lim inf ERt (T) < 1 . (71) 
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Keeping in mind (I5ip and ()54p . this implies that 

/>oo 

/ f^t){u)du<ERt<l. 
Jo 

Therefore on account of (i5T]l to prove (fTOl) it suffices to establish (fSSl) . as T — oo. One can 
readily check using ([TT]) that for some constants Ci > and C2 > and all u > 

< -tu^"{u) <t{Ci + u-^C2) . 

To see this note that for each ti > 

(■00 



-u^"{u) = u / x2e-"^A(dx) 
Jo 



2;V-"^A(dx) + u" W u"x"e-"^A(dx), 



1 / „.2_2„-MX, 



< max ye 
~ 0<y 



-y f xA(dx) + u-^A (1) maxy^e"?/ =: Ci + u-^Cs- 



Thus since 

fT,t (u) < -Ut^^iu) < -um"{u), 

we get by the bounded convergence theorem that for all D > 6 > 



Notice that since 



we have 



lim / fT,t (u) du= f^t) (u) du. 
f{t) {u) d-u < 1, 



p5 poo 

lim / fu\ (n) dn = and lim / fu\{u)du = 0. 
5^0 J Q D^oojjj 



We see now that to complete the verification of (j55p we have to show that 

rS 



lim lim sup / fT,t (u) du = 
<5-s>0 T-5>oo Jo 



and 



poo 

lim lim sup / fT,t{'u)du = 0. 
D^oo T^oo Jd 

The first condition (f72]l is easy to show. Recalling (f52]l . notice that 

poo 

/T,t(n)<tn / ipHs)e-^''^'^ds, 
Jo 

and so by Fubini 

rS poo p5 

fTAu)du < t I ip'^{s)ds j ?xe-"'^(')du 



ds 



t (^'((5) - (5^>'((5)) < 



(72) 
(73) 
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which goes to as 5 — )• and thus (1721) holds. 

For the second condition (f73]l . choose D > 0. We see that for ah large enough T > 

/ /r,t(n)dn= / fT,t{u)^u+ fTAu)du. (74) 

Jd Jd -Ji/viT) 

Recall that ^ ^ 

fTAu)=tuj^ ip\s)e-''^^'^dsexp!^-t (l - e-"^(^)) dsj . (75) 

We shall first bound the second integral on the right side of ()74p . For wpiT) > 1 and keeping 
mind that '^{s) > '^{T) for < s < T, we have 

exp l^-tj^ (l - e-"^W) dsj < e-*(i-'=")^ 

/"OO /•OO /"T 

Jl/^(T) ' Jl/'fiiT) Jo 

Using Fubini's theorem the last integral is easy to calculate. We get 

1/V3(T) Jo Jo Ji/'fiiT) 

^ ^ Ms)/V{T) ^ ^(£lg-^(.)/v{T)^ J, 



and so 







< T ( 1 + maxye"^ ) < 2T. 
y>o 



So we obtain 

'1/V{T) 



/■oo 

/ fTAu)du < 2rte-*(i-^"')^, (76) 



which tends to as T — )• oo. 

Therefore to complete the verification that (I73p holds and thus (I55p we must prove that 



Jim limsup / fT,t{'u)du = 0. (77) 

T->oo Jd 



D^oo 



We shah bound fT,t {u) in the integral dZZ]). Since 1/n > v?(T), and thus A (l/u) < A ((/?(T)) < T, 
we get that the second factor of fT,t (u) given in (f75l) is 

exp |-t (l - e-"'^(^)) dsj < exp j-^^^'^^^^"^ " e^"'^^'^) dsj 

< g-t(l-e-i)A(l/n)_ 

While for the first factor in fT,t{u) given in (I75p we use the simple bound 

tu 992(s)e-^^(")ds < iti / 992(g)g-M«)ds=:tVA(n). 
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We see that 



D ' Jd 



Jd 

Clearly ([73]) holds whenever for all 7 > 0, 

V'A (n) e-T^(^/")dn < 00. (78) 



Lemma 6. Whenever i69\) is satisfied, then for all 7 > 0, (78) holds. 
Proof. Recall the definition ([53]) • Notice that by ^ for ah t > 



f^t) {u) du < 00. (79) 
/ (l-e-"^W)ds= / (1 - e-"^)A(dj;) + / (1 - e-"^)A (dx) . 

Jo Jo Jl/u 



Write 

-l/u 



We see that 

poo 

/ (1 -e-"^)A(dx) < A(l/'u) 

and 

/ (l-e""^)A(dx) = -(l-e-^)A(l/n)+ / nA(x)e-"^dx 

JO 

< / uA{x)e~'^''dx <u A(x)dx. 
Jo Jo 

By assumption ()69p for some rj > for all u large 

n / A(x)dx < r]A{l/u). (80) 



This implies that 

poo 

t (1 - e-"'^("))ds < (1 + r?) tA(l/M). 
Jo 

Thus for all large enough D > and all t > 

poo 

fu){u)du> / tVA(^^)exp{-(l + r/)tA(l/u)}du, 

D JD 

and hence since ([79]) holds for all t > 0, we get that for all 7 > 0, ([78]) is satisfied. □ 
We see from Lemma [6] that (|78p holds whenever assumption (|69p is satisfied and thus by the 



arguments preceding the lemma the limit (|55p is valid. This completes the proof of Proposition 

m □ 
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5.1 Return to the proofs of Proposition [6] and Theorem [T] 

We shall now finish the proof of Proposition [6l To do this we shall need three more lemmas. 
Let Xt be a subordinator with canonical measure A. Assume that Xt is without drift. Define 

I{x) = rA{y)dy. 



We give a criterion for subsequential relative stability of X at 0. 

Lemma 7. Let X be a driftless subordinator with A(0+) > 0. There are nonstochastic sequences 
tk i and > 0, such that, as k ^ oo, 

^ A 1 (81) 
Bk 

if and only if 



liminf^^=0. (82) 

xiO I[x) 



Proof. From the convergence criteria for subordinators, e.g. part (ii) of Theorem 15.14 of [lOj . 
p. 295, ([HT]) is equivalent to 



lim tkA.{xBk) = for every x > and lim t^ / xA{dBkx) = 1. (83) 

^k 

Noting that I{x) = Jq yA(dy) + xA{x), we see that ([83]) implies 

tkB^^I{Bk) = tkB^^ / xA(dx) + tkK{Bk) ^ 1, (84) 
Jo 

and clearly ([84]) and tkA{Bk) — )• imply ([82]). (Note that necessarily B^ — )• 0.) 
Conversely, let (|82]l hold and choose a subsequence Cfc — )• as A; — )• oo such that 

CfcA(cfc) 
hm = 0. 

A;— s>oo l\Ck) 

Define 



A(cfc)/(cfc) 
Then 



lim tkAick)= hm . b^=0, 



and 



lim = lim . Mfe^ = oo. 



k^oo Ck k^oo y CkA{ck) 

Then set Bk := tkl{ck), so liuik^oo Bk = and lim^._^oo Bk/ck = oo. Given x > choose k so 
large that xBk > c^. Then 

tkMxBk) < tkA{ck) ^ 0. (85) 
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Furthermore, by writing 

tkljBk) _ tkljck) ^ tk {IjBk) - I{ck)) ^ tk {IjBk) - Ijck)) 
Bk Bk Bk Bk 

and noting that for all large k 

tk {IjBk) - I{ck)) ^ BktkAjck) 

— R — H ~^ 

Ok Ok 

we also have tkB^^I{Bk) — >• 1 and thus by ([85]) and the identity in ([8^ 

lim tk / xA(dBkx) = 1 

which in combination with (|85p implies (|8ip. by (|83p . □ 
To continue we need the following lemma from jl2j . 

Lemma 8. Let ^ 6e a non-negative measurable real valued function defined on (0,oo) satisfying 



I'CO 

/ ^ {y) dy < oo. 

JO 



Then 

( \ r°° 

(86) 



an. 



d lim„^oo E (5.)) = 0. 



Lemma 9. (i) Assume that j^Tp /loWs as t \ wii/i /3 < 1. T/ien (E^i holds. 

(a) Assume that j^Tp /zoZds as t —t- oo wzi/i /3 < 1. T/ien without loss of generality we can assume 

that Ii6y\) holds. 

Proof, (i) We shall show that (|47p implies (|69p . Assume on the contrary that (j69p does not 
hold. Then, since Vi is a driftless subordinator by Lemma [7] for some sequences Bk > 0, tk i 0, 
Vtf./Bk — )• 1. By Proposition [U the infinite sum Yli^iV (l^) equal in distribution to Vt and 



X^i^i ^'^ (^} equal in distribution to the subordinator Wt with Levy measure A2 on (0,c«) 
defined by 

A2(x) = A(V^). 
From (j83p in the proof of Lemma [7] above 



tfcA (xBk) and / tkA (xBk) dx 1, (87) 
Jo 



with tk ^ and — )• 0. Thus we easily see that 

tfcAa = tkA {V^Bk) ^ 

and ^ ^ ^ 

/ tfeAs {xBl) dx= tkA {VxBk) dx = 2 ytkA{yBk) dy, 
Jo Jo Jo 
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which for any < 5 < 1 is 

<26 [ tkA (xBk) dx + 2 [ tji (xBk) dx. 
Jo Js 

Clearly by 

lim sup (26 [ tkA (xBk) dx + 2 ( tkA (xBk) dx) = 26. 
\ Jo Js J 

Thus since < J < 1 can be made arbitrarily small we get 

lim [ tkM ixBl) dx = 0. 
Jo 



Hence applying Theorem 15.14 on page 295 of |10] . we get WtjBl 4 and thus 

which since Rt,. < 1 implies ERt^ — )• 0, as tk i 0, which clearly contradicts to (j47p . So we have 
(1691) in this case. 



(ii) We shall first assume that 

/>oo 

LP (n) du = 00, 



which by (jlip implies 

/ if (n) du = 00. (89) 
Jo 

Set 



i=l ^ ^ ^ ^ i=l 

We see that 



00 „ 

V{t)>Y,V (2-'+') Y.l\2-'^<j< 2-^+1 i . 
k=i 1=1 ^ ^ 



Now for each fixed L > 1, as t — )• 00, 



k=2 \ 1=1*^ * V k=l -^2-^ 



Thus since L > 1 can be made arbitrarily large, on account of (189p . 

V (t) ^00, as t ^ 00. (90) 

Next, using ([86]) . we get 

/oo roc 
ipiy/t)dy = J Lpiu)du < 00, 
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which imphes that 

r (t) = Op (1) , as t ^ oo. (91) 
V{t) /Vt ^0, as t ^ oo. (92) 



Hence by and (|9T 
We get then that 



Now set 



^* = £'^(f) =^(*)(l + o(l))' ast^oo. (93) 

»'.-&^(f).'"('>-&^(f)i{f <i 

a„dW(t) := 1^4,2 ^|)l||>l|. 



Clearly 



/OO /•OO 
y?2(y/t)dy = y ip'^{u)du < oo 



which says that t^^W (t) = Op (1) as t OO. Hence by ([92]), W (t) /I4 4 as t oo, which 
when combined with ()93p gives 

(t) 

^i = :^ = -^ + op(l),ast^oo. (94) 

Notice that V{t) is a Levy process with canonical measure Ai defined via 

Ai (x) =A{x), for X >ip{l) , and Ai (x) = A{(p{l)) for < x < (1) . 
Set v?i(s) = ip{s)l{s < 1}. Note that we have 

ipi (s) = sup{y : Ai(y) > s} , s> 0, 

where the supremum of the empty set is taken as 0. Let r[^^ be defined as Rt with ip replaced 
by (fi, that is, 

Eoo 2 f Si 



Since Rt (1) = R[^\ we see by formula ([5^ that 

/•oo 

ERr = / /i,t(^)d^x. (95) 







Next from (j94|) . we get i?J — i?^ — )• 0, as t — )• oo, which implies that 



lim ERt = lim ER^^^\ 

t—>-oo t—>-oo 
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Clearly the tail behavior conclusions about Ai(x), as x — )• oo, will be identical to those for A(x), 
as x — )• oo. Moreover, since Ai(0+) is finite (j69p trivially holds for Ai. Therefore in our proof 
in the case t — )• oo we can without loss of generality assume that (I69p is satisfied. 



Therefore by proceeding exactly as above we get that ERt — )• as t — )• oo, which forces (3 = 1. 



Returning to the proof of Proposition [6l in the case t \ 0, Lemma [9] shows that the assumption 
of Proposition [7] holds and, in the case t — )• oo, it says that we can assume without loss of 
generality that it is satisfied. This completes the proof of Proposition [6] and hence that of 
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